Of the first two relativistic world models, only the one by de Sitter predicted redshifted spectra from far away astronomical objects. Slipher's redshifts therefore seemed to arbitrate against Einstein's model which made no such predictions. Both models were trying to describe a static universe. However, Lemaître found that de Sitter's construct resulted in a spatially inhomogeneous universe. He then opted for a model that corresponded to Einstein's closed, curved universe but allowed the radius of curvature to change with time. Slipher's redshifts suggested to him that the universe is dynamic and expanding. We also discuss the respective merits of Friedman and Lemaître in revealing the dynamic nature of the universe.
Introduction
Although our conference "Origins of the Expanding Universe: 1912 Universe: -1932 " is focused on the contribution of Vesto Slipher, I shall also discuss the contributions of two theoreticians associated with the discovery of the expanding universe: George Lemaître, the discoverer of the expanding universe and Alexander Friedman, who was the first to present mathematical solutions for a dynamical universe. When Einstein and de Sitter published their cosmological models in 1917, the bulk of their discussion was purely theoretical. It was only as a kind of afterthought that de Sitter mentioned a possible link between theory and astronomical observations: Slipher's wavelength shifts observed in spiral nebulae. I shall therefore first show how Slipher's redshifts seemed to arbitrate in favor of de Sitter's apparent static and empty universe. Later they convinced Lemaître that we live in an expanding universe. Einstein as well as de Sitter looked for a static universe that would remain the same forever. In 1922, Friedman demonstrated the mathematical possibility of a dynamic universe within the concept of general relativity; however his findings attracted no attention. In 1927, Lemaître, who was not aware of Friedman's work, also found dynamic solutions. Combining his model with Slipher's observations, he suggested that we live in an expanding universe. 
We can attribute the first three indices to the spatial world, and the fourth to time. For symmetry reasons the set of equations reduces to 10, however, only six equations are independent. The solution of these equations is the metric tensor g i j which describes the geometrical structure of the universe. Assuming also a homogeneous distribution of matter, Einstein derived a model of the universe that was static and its spatial part is of closed curvature. His 3-dimensional spatial world can be projected onto a circle. This circle maintains its radius, the radius of the universe, for all past and future times. Thus, if the dimension of time is added to the projection, the model becomes cylindrical; this is called Einstein's cylindrical world.
A few months after Einstein's publication, the Dutch astrophysicist Willem de Sitter also derived a cosmic model from Einstein's field equations (de Sitter 1917) . However, he made a further, drastic simplification by assuming a universe empty of matter. Thus his universe was represented by the equation
where the energy term on the right hand side has been set to zero. When describing physical events one is, within certain limits, free in the choice of the coordinate system. For the line element in his 4-dimensional space-time de Sitter chose the form
where χ = r/R; r is the distance from the observer, R is the radius of curvature. Or, for the propagation of light we have ds = 0, and accordingly for constant θ and φ dt = sec χdχ, where sec χ = 1/ cos χ.
Time runs slower when r increases. Since the interval dt between two points in time increases when r increases, the frequency decreases and the wavelength increases. However, it was later shown that the model contained a flaw, as shown below. Einstein did not offer any astronomical observations to verify his model. However, de Sitter, at the end of his very theoretical treatise, pointed to its observational implications: ". . . we have g 44 = cos 2 χ. Consequently the frequency of light-vibrations diminishes with increasing distance from the origin of coordinates. The lines in the spectra of very distant stars or nebulae must therefore be systematically displaced towards the red, giving rise to a spurious positive radial velocity." He further added: "Recently a number of radial velocities of these nebulae have been determined." He referred to a Report to the Council of the RAS in 1917, where Eddington refers to Slipher's first determination of the radial velocity of a spiral nebula and to other investigators who confirmed Slipher's observations (Eddington 1917) . De Sitter then mentioned wavelength shifts of three nebulae -M31, NGC 1068, NGC 4594 -and thought that they might strengthen his model's claim to validity. From their mean recession velocity of 600 km s −1 and an assumed mean distance of 100 kpc (today's accepted distance to M31 is ≈ 800 kpc) he arrived at a radius of curvature of his universe of R = 3 × 10 11 astronomical units, or 1.5 Mpc. But then he added that this result, derived from only three nebulae, had practically no value. However, should further observations confirm that the spiral nebulae had systematically positive radial velocities, this would be a strong indication that his model was correct.
De Sitter's paper did not stir up great observational activity, but, as shown by Nussbaumer & Bieri (2009) , his empty space initiated much discussion among the theoreticians, in particular Einstein, de Sitter, Klein, Lanczos and Weyl.
Eddington's book of 1923
The publication of the book The Mathematical Theory of Relativity (Eddington 1923) set the observers in motion, as can be seen from the example of Wirtz (1924 He also adds some thoughts about the physical meaning of de Sitter's empty universe: Is it really empty, or has all the matter simply been swept into a ring of peripheral matter necessary in order to distend the empty region within? He offers no answer. He dwells on the slowing down of time in objects of increasing cosmological distances, such that their spectral lines would appear displaced towards the red. The formula turns out to be
where r is the distance to the object and R is the radius of curvature of the universe. Already in 1924 Eddington's book had its second edition, and in 1925 it was translated into German. It became a standard textbook. In the book, Eddington also raised the possibility of a redshift contribution from the cosmological constant, Λ, because it acts as an accelerating force and pushes test particles away from the observer. Thus, by the middle of the 1920s, Slipher's wavelength-shifts signaled either motion in a conventional world, or a change in our concept of time in the sense of de Sitter's universe: the redshifts had important philosophical implications.
The observers preoccupation with de Sitter

Wirtz tries to verify de Sitter
In 1922, Wirtz drew attention to the availability of radial motions of 29 spiral nebulae that seemed to indicate a general dispersal away from us (Wirtz 1922) . He thought that they might hold a key to the structure of the universe. He gave a list of 29 NGC objects with their radial velocities, collected from different sources, which he did not identify. For the velocities he found an approximate linearity in the sense that the closer nebulae approach us, whereas the more distant ones tend to recede. A global look at the data suggested to him a general expansion of the system of spiral nebulae, and he remarks that no such tendency is seen in globular clusters. However, Wirtz did not refer to any theoretical model at this point.
Following the publication of Eddington's book in 1923, Wirtz responded with the article "De Sitter's cosmology and the radial motion of spiral nebulae" (Wirtz 1924) . Redshifts had now become a fundamental issue in cosmology. In the paper, Wirtz gave his view of the cosmic models of Einstein and de Sitter; Einstein's model contained a 5 maximum amount of matter, whereas in de Sitter's model all the mass had been pushed to an unobservable mass horizon, where the mass was needed to maintain emptiness in the interior. He repeats all the essential features of de Sitter's model and stresses that in de Sitter's universe things happen relative to the origin of a coordinate system, but that every point in the universe can be the origin of that coordinate system.
Time runs differently, depending on the distance from the origin of the coordinate system, which is identified with the observer. The slowing down of time can be seen by the observer as a redshift in the spectral lines. Can this feature serve to verify de Sitter's theory? Redshifts are known, but the distances to spiral nebulae are not known at this point. However, if it is assumed that all spiral nebulae are basically the same, then their apparent diameters are a measure for their distance. In de Sitter's cosmology, radial velocities should increase with decreasing apparent diameter. He then looked for apparent diameters of the objects for which Slipher had given redshifts. He cites as his sources Curtis (1918) and Pease (Mt.Wilson Contributions 1919 , 1920 . 1 From the text it is clear that he played around with data in different ways, but the essential result is a list where he groups the 42 nebulae into 6 groups with n members according to increasing apparent diameter (Dm= photographic apparent diameter, measured along the major axis in arc minutes):
Of course, he was aware that a small apparent diameter may be due to a smaller than average nebula and not to a large distance. He tried to take that effect into account and found the logarithmic relationship v (km s −1 ) = 2200 − 1200 · log(Dm) "There remains no doubt", Wirtz wrote, "that the positive radial velocity increases considerably with increasing distance". However, it was later found that his logarithmic dependence underestimated the gradient. As pointed out by Appenzeller, the Slipher redshifts were not a statistically representative sample. Only with difficulty could nebulae with small apparent diameter and large redshifts be observed (Appenzeller 2009 ). However, Wirtz was satisfied to have shown the systematic increase of the nebular redshifts with distance, apparently confirming de Sitter's world model. There is a lesson for us all here: when observation matches the predictions of a theoretical model, this does not constitute proof that the model is correct.
Silberstein, Lundmark and Strömberg
In the same year, Ludvik Silberstein and Knut Lundmark also investigated the relevance of Slipher's data for de Sitter's model (Silberstein 1924; Lundmark 1924 Nussbaumer Silberstein trusted the model and wanted to derive a numerical value for R, the radius of the universe. From de Sitter's work he derived his own formula for cosmological redshifts:
Silberstein thus had a formula which also worked for negative velocities. It was severely criticized by Eddington (Eddington 1924) , but Silberstein applied the formula to the study of globular clusters, O-stars and other objects, arriving at a value of 6×10 12 astronomical units for R in 1924. Today we know that these attempts had to fail. 3 Inspired by Silberstein's publications, Lundmark (1924) published the comprehensive study "The Determination of the Curvature of Space-Time in de Sitter's World". In this paper, he stated that his work was based on "the wonderful spectrographic work performed at the Lowell Observatory by Dr. V.M. Slipher." After having severely criticized Silberstein for the arbitrary choice of his object when deriving R, he showed that neither globular clusters nor stars are much good for determining the curvature of spacetime, because they are simply too close, he then moved on to spiral nebulae. Like Wirtz before him, he assumed all spirals to have the same physical characteristics, such that their apparent angular diameters and magnitudes depended only on distance. Expressing distance in units of the distance to Andromeda, he published the diagram shown in Figure 1 . -This is the first example of what was later termed a "Hubble diagram". Lundmark (1924) 7
In contrast to Silberstein, Lundmark doesn't believe to have found a reliable value for R but concludes: "we find that there may be a relation between the two quantities, although not a definite one." Actually, when reading Lundmark one gets the impression that he does not doubt de Sitter's model, but that he wonders whether the observed nebular motions are not simply due to normal Doppler shifts. These doubts are understandable considering the great uncertainties in nebular distances at the time. For example, ErnstÖpik estimated the distance to Andromeda as 450 kiloparsec (Öpik 1922) , while Lundmark gave a value of 200 kiloparsec, based on the assumption that the absolute magnitude of Novae at maximum brightness in the mean is the same for Novae in the Milky Way and in Andromeda (they were not yet aware of supernovae), and Silberstein quoted even much smaller numbers. These doubts were only dispelled with Hubble's famous paper read on January 1, 1925 at the American Astronomical Society meeting in Washington (Hubble 1925 ). Hubble's distances were obtained using Cepheid variable stars as standard candles. Although his result for Andromeda was much less accurate thanÖpik's, it was based on a method that provided the possibility for deriving a consistent set of data for a large number of nebulae.
A further study, "Analysis of radial velocities of globular clusters and non-galactic nebulae", came in 1925 from Gustaf Strömberg, an observer at the Mt Wilson Observatory (Strömberg 1925 This was the famous relationship v = H · r , v = velocity derived from the redshift, r = distance of the nebula, H = factor of proportionality, later called the "Hubble constant." From Slipher's redshifts and his own distances Hubble calculated H = 500 (km s −1 Mpc −1 ). Hubble did not know that already two years previously the relationship v = H · r had been theoretically derived by Lemaître (1927) , who at the same time had also calculated H, with practically the same result as was in 1929 found by Hubble; this will be discussed later.
Hubble's 1929 publication greatly impressed de Sitter. He immediately realized its importance for advancing the discussion of an appropriate cosmological model. He an-8 Nussbaumer alyzed the available observations and discussed them at a Royal Astronomical Society meeting on 10 January 1930, where Eddington was present, the discussion is described in The Observatory (de Sitter 1930a) . Between this meeting and the publication of his own findings, which agreed with Hubble's results, de Sitter learnt about the model of Lemaître (de Sitter 1930b) and he and Eddington immediately accepted Lemaître's expanding universe. 5 From 1930 onwards, Hubble and Milton Humason continued Slipher's pioneering work of redshift observations. They had at their disposition the most powerful telescope in the world, the Hooker 100-inch on Mount Wilson.
Lemaître enters the game
In 1925, Lemaître looked in depth at de Sitter's theoretical construct and spotted its weak point: de Sitter's solution of the fundamental equations in the absence of matter introduces a spurious inhomogeneity which is not simply the mathematical appearance of a center at the origin of coordinates, but really attributes distinct absolute properties to particular points (Lemaître 1925b,a) . Although there is great freedom in the choice of the coordinate system to describe a physical event, this coordinate system must not by itself change the intrinsic structure of what is described. Yet, de Sitter's universe is guilty of exactly that misdeed. His line element ds = sec(r/R) · dt implies that time is running differently for different values of r. But this violates one of the basic assumptions of cosmology. De Sitter had chosen a coordinate system that changed the structure of the physical model. But a coordinate system must not do that; it is there to describe and not to influence the world. Hence de Sitter's choice of coordinate system needed to be revised.
In 1925 Lemaître introduced a homogeneous division of space and time and wrote it in the form
where R3 stands for the 3-dimensional Euclidean space. Thus, for a given time t there is a homogeneous spatial part R3, which, however, with Lemaître becomes a function of time. In Lemaître's coordinate system the radius of space is the same for any position r, but it changes with time t. Lemaître saw the implication for cosmology: "the radius of space is constant at any place, but is variable with time," and a bit further on: "Our treatment evidences this non-statical character of de Sitter's world which gives a possible interpretation of the mean receding motion of spiral nebulae."
Lemaître was not the only one to spot the fallacy in de Sitter's formalism. In 1922, Kornel Lanczos wrote down a formal solution of a spatially closed dynamical universe, just as Friedman had done before and Lemaître would do in 1927 (Lanczos 1922) . However, unlike Friedman and Lemaître, Lanczos did not grasp the physical significance and he did not consider a non-stationary universe. The concept of a static world was deep-rooted. Yet Lanczos' critique of de Sitter's model was certainly appreciated by Lemaître who refers to it in a footnote in his 1927 paper.
In 1927 Lemaître considered the implications of Slipher's redshifts for theoretical models of the cosmos (Lemaître 1927) . His key insight was that the redshifts represent 9 Figure 2 . Coordinate systems of de Sitter (left) and Lemaître (right) . The two models propose different causes for Slipher's redshifts. For a detailed description see Nussbaumer & Bieri (2009). a change in the metric of the universe between the moment when the light was emitted and when it was observed. Expressed in more familiar words: redshifts are due to the expansion of the universe.
In 1927 Lemaître writes the line element as ds 2 = −R(t) 2 dσ 2 + dt 2 , where σ denotes the spatial volume element and R(t) stands for the radius of curvature of the 3-dimensional space. From this relation, he derives a relationship between wavelength shifts and distances. For relatively small distances, r ≪ R, he obtains v = H · r, where H is positive for an expanding, negative for a contracting, and zero for a static universe. From Slipher's redshifts, Lemaître concluded that we live in an expanding universe. 6 Noting that the verification of a linear relation between distance and redshift from observation was not possible from available data due to large uncertainties in the distances, Lemaître concluded that a future verification was the observer's task. However, he calculated the coefficient H, by taking mean values for v and r from the data of Slipher and Hubble respectively. Giving equal weight to all observations, he obtained H =575 km s −1 Mpc −1 . Giving less weight to more distant nebulae resulted in H =625 km s −1 Mpc −1 . As mentioned before, two years later Hubble used practically the same data, and after having toyed with different data selections, he opted for H =500 km s −1 Mpc −1 (Hubble 1929) . Thus the results of the two authors compare favorably with each other. Lemaître's derivation of the numerical value of H was omitted in the 1931 translation of his 1927 paper (Lemaître 1931a ). The omission is due to Lemaître himself (see Livio 2011).
Lemaître gave the references for the observational data which entered his calculation of H, however, he did not publish a plot. This was done much later by Duerbeck and Seitter, as shown in Fig. 3 (Duerbeck & Seitter 2000) .
Thus, Slipher's redshifts enter twice in the history of cosmology. They clearly favored the model of de Sitter over that of Einstein during the early 1920s, and when Lemaître derived a dynamic model in 1927, they suggested a universe neither static nor shrinking but expanding. Lemaître's velocity-distance relation. Individual errors in these points are small for velocities but very large for distances. Lemaître did not publish this diagram, but used the data points shown. The graph has been reconstructed by Duerbeck & Seitter (2000) .
The dynamic models of Friedman and Lemaître
In 1917, Einstein and de Sitter attempted to describe a static universe. But in 1922, Friedman showed that Einstein's fundamental equations also allow dynamic solutions. Einstein took note of Friedman's publication, but brushed it aside as physically irrelevant. It was only when Lemaître, having spotted de Sitter's violation of the principle of homogeneity of the universe, found dynamic solutions of Einstein's fundamental equations and combined them with Slipher's redshifts that the dynamic universe emerged from the mathematical possibility into physical reality. On whom should we bestow the credit for the discovery of the expanding universe?
Friedman's publications of 1922 and 1924 showed the author's deep insight into the cosmological aspects of Einstein's theory of general relativity. In addition to the static models advocated in 1917 by Einstein and de Sitter, Friedman gave the mathematical solutions for a dynamic universe, expanding, contracting or periodic. He also showed that solutions existed not only for positive but also for negative curvature, and that the universe might be finite or infinite. Alas, his publications were ignored by the rest of the scientific community, except for Einstein, who admitted that Friedman's solutions were mathematically correct (after having refused them initially as mathematically incorrect), but doubted they were physically significant. Had Einstein been 11 more receptive, the discovery of an expanding universe could have occurred many years earlier.
When we talk about what Friedman did, we also have to mention what he did not do. Friedman did not suggest in what kind of universe we were living: was it static as suggested by Einstein and de Sitter, or was it contracting, forever expanding, or perhaps even oscillating? Friedman did not try to find a link to existing observations in spite of de Sitter's prediction of wavelength shifts in his 1917 paper. For this reason Friedman does not qualify as the discoverer of the expanding universe. This is not to imply that he was not interested in the practical application of his mathematical findings. He lived under the very difficult post-revolutionary circumstances of the Soviet Union which was deliberately isolated by the Western powers. When Friedman published his first article, access to new astronomical observations had only just begun to flow again. Thus it may be considered a historical injustice that Western ignorance of his ground-breaking mathematical work and his untimely death in September 1925 prevented Friedman from participating actively in seeking the kind of world we are living in, an undertaking only possible by combining theory and observations. When Lemaître restarted his cosmological investigation in 1927, he had a clear aim. As mentioned above, he had already made the bold step of adopting the possibility of a dynamic universe in 1925, unaware of the earlier work of Friedman. In 1927 Lemaître was concerned with the enigma of Slipher's redshifts. His theoretical derivation of the linear velocity-distance relationship, v = H · r, suggested to him that the spectra of the spiral nebulae held the answer to the question whether we live in a static, contracting or expanding universe. Thus the title of Lemaître's publication of 1927, which translated from the original French is: "A homogeneous universe of constant mass and growing radius, which accounts for the radial velocity of the extragalactic nebulae". Lemaître sent a copy to Eddington, who, however, did not realize at the time that he had in his hands the solution to a problem which had preoccupied him for many years. He had also shown it to Einstein, who qualified it as "physically abominable."
Eddington and de Sitter, as well as the rest of the astronomical community only took note of Lemaître's work at the beginning of 1930 after having heard about Hubble's observational finding of a linear velocity-distance relationship, but they immediately welcomed it as the solution to the long-standing cosmological problem of Slipher's redshifts and de Sitter's incomprehensible model. As mentioned before, if the theoretical physicists and the astronomical community had realized the potential of Friedman's work, it all might have happened before, but it didn't. And history talks about what happened and not what might have happened; thus credit for the discovery of the expanding universe goes to Lemaître. How did the expansion start? When Eddington showed that Einstein's static universe was unstable, he suggested that such a pseudo-static universe might have been the original status of the universe (Eddington 1930) . This opinion was shared by Lemaître. However, both met difficulties when trying to explain how such an equilibrium slid into expansion. 7 Inspired by the process of radioactivity, Lemaître in 1931 replaced the mathematical singularity at time zero by a primeval atom containing all the matter of the universe. This highly unstable atom would then decay by a process of super-radioactivity.
This suggestion, published in Nature, marks the precursor of today's big bang model (Lemaître 1931b ). On philosophical grounds Eddington was not happy with the idea, but they both agreed that the cosmological constant, Λ, was a fundamental force in nature, and that the history of expansion was primarily determined by the strength of Λ relative to the gravitational force. Lemaître's equations were well tailored to deal with that process. The work of Friedman did not enter this cosmological discussion, as the motive for introducing the big bang was not mathematical but physical. Thus, Lemaître did not need to borrow anything from Friedman that was not already contained in his own 1925 and 1927 papers. In addition, in November 1933 Lemaître presented a contribution "Evolution of the expanding universe" to the National Academy of Sciences, where he associated Λ with vacuum energy, in agreement with today's interpretation (Lemaître 1934) .
In 1932, Einstein and de Sitter published a model of the expanding universe that did not contain a cosmological constant (Einstein & de Sitter 1932) ; this became the standard model for many years. They wrote: "Dr. Heckmann has pointed out that the non-static solutions of the field equations of the general theory of relativity with constant density do not necessarily imply a positive curvature of three-dimensional space, but that this curvature may also be negative or zero." Heckmann's publication did not refer to Friedman. However, it discussed solutions which are already implicit in Friedman's work. Whether Heckmann profited from Friedman without referring to him, we do not know. Thus, it may be that Friedman had a direct influence on the Einstein-de Sitter model. However, this model also follows from Lemaître's solution, if one choses Λ=0, and if the particle density corresponds to the critical density, which was assumed by Einstein and de Sitter. As we now know, this assumption is definitely not fulfilled.
Einstein thought highly of Friedman. He implicitly tells us his reason in his 1931 paper, where he converted to the expanding universe (translated from German): "Several investigators have tried to cope with the new facts by using a spherical space whose radius, P, is variable in time. The first who, uninfluenced by observations, tried this way was A. Friedman" (Einstein 1931 ). Einstein admired Friedman for having found dynamical solutions without being directed by observations. He could probably have kicked himself for not having spotted these solutions himself, and he may have felt guilty for having pushed aside Friedman in such a high-handed way.
The contrast between Friedman and Lemaître may be seen in the titles of their main publications. Friedman's titles were "On the curvature of Space" (Friedman 1922) and "About the possibility of a world of constant negative curvature of space" (Friedman 1924) , whereas Lemaître (1927) published about "A homogeneous universe of constant mass and growing radius accounting for the radial velocities of the extragalactic nebulae." The two scientists obviously had quite different priorities. It makes little sense to blame either of them for not having added to his work what the other had done.
Friedman's work showed a fundamental insight into the cosmological content of Einstein's fundamental equations. It is recognized that he gave all the cosmologically relevant mathematical solutions of Einstein's fundamental equations, including the possibility of a dynamical expanding, shrinking or periodic universe. Once Lemaître became aware of Friedman's work late in 1927, he always acknowledged that Friedman was the first to find the mathematical solution of an expanding universe (e.g. Lemaître 1931a ). Friedman's work has also been fully acknowledged by the scientific commu-13 nity; however, it would be a historical distortion to build him up as the discoverer of the expanding universe. Friedman never debated why, of all his mathematical solutions, the expanding universe should be the one in which we live; this was done by Lemaître. A further discussion of these points can be found in the book Discovering the expanding universe (Nussbaumer & Bieri 2009 ).
